$d$-Auslander-Reiten sequences in subcategories by Fedele, Francesca
ar
X
iv
:1
80
8.
02
70
9v
1 
 [m
ath
.R
T]
  8
 A
ug
 20
18
d-AUSLANDER-REITEN SEQUENCES IN SUBCATEGORIES
FRANCESCA FEDELE
Abstract. Let Φ be a finite dimensional algebra over an algebraically closed field. Kleiner
described the Auslander-Reiten sequences in a precovering extension closed subcategory
X ⊆ modΦ. If X ∈ X is an indecomposable such that Ext1(X,X ) 6= 0 and σX is the unique
indecomposable direct summand of the X -cover g : Y → DTrX such that Ext1(X, σX) 6= 0,
then there is an Auslander-Reiten sequence in X of the form
ǫ : 0→ σX → X ′ → X → 0.
Moreover, when End(X) modulo the morphisms factoring through a projective is a division
ring, Kleiner proved that each non-split short exact sequence of the form
δ : 0→ Y → Y ′
η
−→ X → 0
is such that η is right almost split in X , and the pushout of δ along g gives an Auslander-
Reiten sequence in modΦ ending at X .
In this paper, we give higher dimensional generalisations of this. Let d ≥ 1 be an integer.
A d-cluster tilting subcategory F ⊆ modΦ plays the role of a higher modΦ. Such an F is a
d-abelian category, where kernels and cokernels are replaced by complexes of d objects and
short exact sequences by complexes of d + 2 objects. We give higher versions of the above
results for an additive “d-extension closed” subcategory X of F .
1. Introduction
Let d be a fixed positive integer, k an algebraically closed field and Φ a finite dimensional
k-algebra. Let modΦ denote the category of finitely generated right Φ-modules.
1.1. Classic backgroud (d = 1 case). If M ∈ modΦ is an indecomposable non-projective
module, then there is an Auslander-Reiten sequence in modΦ of the form:
0 // DTrM // N // M // 0,
where DTr is the Auslander-Reiten translation. Let X ⊆ modΦ be a full subcategory
closed under summands and extensions, in the sense that if 0→ X → Y → Z → 0 is a short
exact sequence in modΦ with X,Z ∈ X , then Y ∈ X . Kleiner proved the following in [14,
corollary 2.8].
Theorem A (Kleiner). Assume X is precovering in modΦ and let X be an indecomposable
in X .
(a) There exists a right almost split morphism W → X in X .
(b) If Ext1(X,X ) is non-zero, there is an Auslander-Reiten sequence in X of the form:
0 // σX // X1 // X // 0,
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where σX is the unique indecomposable direct summand of the X -cover of DTrX
such that Ext1(X, σX) 6= 0.
For M ∈ modΦ, let End(M) denote the factor ring of End(M) modulo the ideal of mor-
phisms M → M that factor through a projective module. Then, Auslander, Reiten and
Smalø’s argument in [2, proof of corollary V.2.4] can be easily modified to prove the follow-
ing.
Theorem B. Assume X is precovering in modΦ. Let X ∈ X be an indecomposable such
that End(X) is a division ring. For a short exact sequence of the form
δ : 0 // σX // X1 // X // 0,
the following are equivalent:
(a) δ is an Auslander-Reiten sequence in X ,
(b) δ does not split.
As a corollary of the above, one can prove the following result by Kleiner, see [14, proposition
2.10].
Corollary C (Kleiner). Assume X is precovering in modΦ. Let g : Y → DTr(X) be an
X -cover, where X is an indecomposable in X with End(X) a division ring. Consider a non-
split short exact sequence with terms in X of the form 0 // Y // Y 1
η // X // 0.
Then the bottom row of the pushout diagram
0 // Y //

Y 1
η //

X // 0
0 // DTrX // N // X // 0
is an Auslander-Reiten sequence in modΦ and η is right almost split in X .
1.2. This paper (d ≥ 1 case). Assume now that there is a d-cluster tilting subcategory
F ⊆ modΦ, i.e. a functorially finite additive subcategory such that
F = {A ∈ modΦ | Ext1,...,d−1(F , A) = 0} = {A ∈ modΦ | Ext1,...,d−1(A,F) = 0},
see Definition 2.4. In [10], Jasso generalised abelian categories to d-abelian categories: ker-
nels and cokernels are replaced by complexes of d objects, called d-kernels and d-cokernels
respectively, and short exact sequences by complexes of d + 2 objects, called d-exact se-
quences. Then, F is a d-abelian category and it plays the role of a higher version of the
abelian category modΦ. Note that for d = 1, the only possible choice is F = modΦ.
In [7], Iyama generalised Auslander-Reiten sequences in modΦ to d-Auslander Reiten se-
quences in F . Moreover, he proved in [7, theorem 3.3.1] that if Ad+1 is an indecomposable
non-projective in F , then there exists a d-Auslander-Reiten sequence in F of the form:
0 // DTrd(A
d+1) // A1 // A2 // · · · // Ad−1 // Ad // Ad+1 // 0,
where DTrd is the d-Auslander-Reiten translation. Let X ⊆ F be an additive subcate-
gory closed under d-extensions in the sense of Definition 2.8. We define d-Auslander-Reiten
sequences in X and prove a higher version of Theorem A.
Theorem 5.17. Assume X is precovering in F and let X be an indecomposable in X .
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(a) There exists a right almost split morphism W → X in X .
(b) If Extd(X,X ) is non-zero, there is a d-Auslander-Reiten sequence in X of the form:
0 // σX
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0,
where σX is the unique indecomposable direct summand of the X -cover of DTrd(X)
such that Extd(X, σX) 6= 0.
We prove a higher version of Theorem B.
Theorem 6.3. Assume X is precovering in F . Let X be an indecomposable in X such that
End(X) is a division ring. For a d-exact sequence of the form:
δ : 0 // σX
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0,
with terms in X and, when d ≥ 2, also ξ1, . . . , ξd−1 in radX , the following are equivalent:
(a) δ is a d-Auslander-Reiten sequence in X ,
(b) δ does not split.
In [10], Jasso generalised the idea of pushout to the one of d-pushout of a d-exact sequence
along a morphism from its first term, see Definition 3.2 and Lemma 3.4. Then, we obtain a
higher version of Corollary C as a corollary of Theorem 6.3.
Corollary 6.4. Assume X is precovering in F . Let g : Y → DTrd(X) be an X -cover,
where X is an indecomposable in X with End(X) a division ring. Consider a non-split
d-exact sequence with terms in X of the form:
ǫ : 0 // Y
η0 // Y 1
η1 // · · · // Y d
ηd // X // 0,
where, if d ≥ 2, we also have η1, . . . , ηd−1 ∈ radX . Consider a morphism induced by a
d-pushout diagram:
ǫ :

0 // Y
η0 //
g

Y 1
η1 //
g1

· · · // Y d
gd

ηd // X // 0
δ : 0 // DTrd(X)
α0
// A1
α1
// · · · // Ad
αd
// X // 0,
where, if d ≥ 2, we may assume that α1, . . . , αd−1 ∈ radF . Then δ is a d-Auslander-Reiten
sequence in F and ηd is right almost split in X .
We illustrate Theorem 5.17 in the following example with d = 2. Let Φ be the algebra
defined by the following quiver with relations:
10
  ❅
❅❅
❅
9
>>⑦⑦⑦⑦
  ❅
❅❅
❅❅
8
❂
❂❂
❂
7
@@✁✁✁✁
❂
❂❂
❂ 6
>>⑦⑦⑦⑦⑦
  ❅
❅❅
❅❅
5
❄
❄❄
❄
4
@@✁✁✁✁
3
>>⑦⑦⑦⑦⑦
2
@@✁✁✁✁
1.
The Auslander-Reiten quiver of the unique 2-cluster tilting subcategory F of modΦ is shown
in Figure 1 on page 24. Choosing a subcategory X ⊆ F satisfying our setup, namely add of
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the vertices coloured red in Figure 1, we use Theorem 5.17 to describe the 2-Auslander-Reiten
sequences in X .
The paper is organised as follows. Section 2 recalls the definitions of d-abelian and d-
cluster tilting subcategories. Section 3 presents some properties of d-pushout diagrams,
d-exact sequences and their morphisms. Section 4 studies d-Auslander-Reiten sequences
in X . Section 5 proves higher analogues to some of Kleiner’s results from [14, section 2],
including Theorem 5.17. Section 6 proves Theorem 6.3 and Corollary 6.4. Finally, Section 7
illustrates an example of Theorem 5.17.
2. Definitions of d-abelian categories and d-cluster tilting subcategories
Let d be a fixed positive integer, k an algebraically closed field and Φ a finite dimensional
k-algebra. In this section we recall the definitions of d-abelian categories and d-cluster tilting
subcategories of the category of finitely generated right Φ-modules.
Notation 2.1. Unless otherwise specified, we assume that Λ-modules of any k-algebra Λ
are right Λ-modules. The category of finitely generated right Λ-modules is denoted modΛ
and the one of finitely generated left Λ-modules is denoted modΛop.
Definition 2.2 ([10, definitions 2.2, 2.4 and 2.9]). Let A be an additive category.
(a) A diagram of the form A0 // A1 // A2 // · · · // Ad−1 // Ad is a d-kernel
of a morphism Ad // Ad+1 if
0 // A0 // A1 // A2 // · · · // Ad−1 // Ad // Ad+1
becomes an exact sequence under HomA(B,−) for each B in A.
(b) A diagram of the form A1 // A2 // · · · // Ad−1 // Ad // Ad+1 is a d-
cokernel of a morphism A0 // A1 if
A0 // A1 // A2 // · · · // Ad−1 // Ad // Ad+1 // 0
becomes an exact sequence under HomA(−, B) for each B in A.
(c) A d-exact sequence is a diagram of the form:
0 // A0
α0 // A1 // A2 // · · · // Ad−1 // Ad
αd // Ad+1 // 0,
such that A0
α0 // A1 // A2 // · · · // Ad−1 // Ad is a d-kernel of αd and
A1 // A2 // · · · // Ad−1 // Ad
αd // Ad+1 is a d-cokernel of α0.
(d) A morphism of d-exact sequences is a chain map:
0 // A0 //

A1 //

A2 //

· · · // Ad−1 //

Ad //

Ad+1 //

0
0 // B0 // B1 // B2 // · · · // Bd−1 // Bd // Bd+1 // 0,
in which each row is a d-exact sequence.
Definition 2.3 ([10, definition 3.1]). A d-abelian category is an additive category A which
satisfies the following axioms:
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(A0) The category A has split idempotents.
(A1) Each morphism in A has a d-kernel and a d-cokernel.
(A2) If α0 : A0 // A1 is a monomorphism and A1 // A2 // · · · // Ad+1 is a
d-cokernel of α0, then
0 // A0
α0 // A1 // A2 // · · · // Ad−1 // Ad // Ad+1 // 0
is a d-exact sequence.
(A2op) If αd : Ad // Ad+1 is an epimorphism and A0 // · · · // Ad−1 // Ad is a
d-kernel of αd, then
0 // A0 // A1 // A2 // · · · // Ad−1 // Ad
αd // Ad+1 // 0
is a d-exact sequence.
Definition 2.4. [[7, definition 2.2], [10, definition 3.14], [13, definition 3.3]] Let F be a full
subcategory of modΦ. We say that F is a d-cluster tilting subcategory of modΦ if:
(a) F = {A ∈ modΦ | Ext1 ... d−1Φ (F , A) = 0} = {A ∈ A | Ext
1 ... d−1
Φ (A,F) = 0},
(b) F is functorially finite.
Note that, by [10, theorem 3.16], such an F is a d-abelian category. Moreover, a d-exact
sequence in F is exact in modΦ.
In the following sections, we will be studying additive subcategories of F closed under d-
extensions.
Definition 2.5. Let A be an additive category. An additive subcategory of A is a full
subcategory which is closed under direct sums, direct summands and isomorphisms in A.
We introduce Yoneda equivalence in order to define what we mean by an additive subcategory
closed under d-extensions.
Definition 2.6 ([5, chapter IV.9]). Consider two exact sequences in modΦ with the same
end terms:
ǫ : 0 // B // C1 // C2 // · · · // Cd−1 // Cd // A // 0,
ǫ′ : 0 // B // D1 // D2 // · · · // Dd−1 // Dd // A // 0.
We say that ǫ and ǫ′ satisfy the relation ǫ ///o/o/o ǫ′ if there exists a commutative diagram of
the form:
ǫ :

0 // B // C1 //

C2 //

· · · // Cd−1 //

Cd //

A // 0
ǫ′ : 0 // B // D1 // D2 // · · · // Dd−1 // Dd // A // 0.
We say that ǫ and ǫ′ are Yoneda equivalent, and write ǫ ∼ ǫ′, if there exists a chain of exact
sequences of the above form ǫ = ǫ0, ǫ1, . . . , ǫt = ǫ
′ with
ǫ0 ///o/o/o ǫ1 ǫ2oo o/ o/ o/ ///o/o/o · · · ǫt.oo o/ o/ o/
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We denote the equivalence class of ǫ by [ǫ] and the set of all equivalence classes of exact
sequences of the above form by YextdΦ(A,B).
Remark 2.7. Note that YextdΦ(A,B) has an addition and a group structure, see [5, chapter
IV.9]. Moreover, by [5, theorem 9.1, chapter IV.9], there is a natural equivalence of set-
valued bifunctors YextdΦ(−,−)
∼= ExtdΦ(−,−). By [7, appendix A], if A, B ∈ F , then each
equivalence class in YextdΦ(A,B) contains a d-exact sequence in F of the form:
0 // B // F 1
ϕ1 // F 2
ϕ2 // · · ·
ϕd−2 // F d−1
ϕd−1 // F d // A // 0,
with ϕ1, . . . , ϕd−1 in radF which is unique up to isomorphism. So, from now on, we will talk
about equivalence classes of d-exact sequences in Extd-groups.
Definition 2.8. Let F ⊆ modΦ be d-cluster tilting. We say that an additive subcategory
X ⊆ F is closed under d-extensions if each d-exact sequence in F of the form:
0 // X0 // A1 // A2 // · · · // Ad−1 // Ad // Xd+1 // 0,
with X0, Xd+1 in X is Yoneda equivalent to a d-exact sequence in F ,
0 // X0 // X1 // X2 // · · · // Xd−1 // Xd // Xd+1 // 0,
with all terms in X .
3. d-exact sequences in F and morphisms between them
In this section, working in the following setup, we present some properties of d-exact se-
quences that we will be using in later sections.
Setup 3.1. Let d be a fixed positive integer, k an algebraically closed field, Φ a finite
dimensional k-algebra and F ⊆ modΦ a d-cluster tilting subcategory. Then F is d-abelian.
Let X ⊆ F be an additive subcategory closed under d-extensions.
Definition 3.2 ([10, definition 2.11]). Consider a complex in F of the form
A : A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
and a morphism f 0 : A0 → B0 in F . A d-pushout diagram of A along f 0 is a chain map
A :
ϕ

A0
α0 //
f0

A1
α1 //
f1

A2 //
f2

· · · // Ad−1
αd−1 //
fd−1

Ad
fd

B : B0
β0
// B1
β1
// B2 // · · · // Bd−1
βd−1
// Bd
(1)
with B1, . . . , Bd in F such that in the mapping cone
C(ϕ) : A0
γ−1 // A1 ⊕ B0
γ0 // A2 ⊕B1 // · · · // Ad ⊕ Bd−1
γd−1 // Bd,
the sequence (γ0, . . . , γd−1) is a d-cokernel of γ−1. The concept of d-pullback diagram is
defined in a dual way.
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Remark 3.3. By [10, theorem 3.8], for a complex in F of the form:
A : A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
and a morphism f 0 : A0 → B0 in F , there is always a d-pushout diagram of A along f 0 of
the form (1). Moreover, if α0 is a monomorphism, then β0 is a monomorphism.
We can use d-pushouts to construct morphisms of d-exact sequences in F . The next lemma
follows from the dual of [11, proposition 2.12].
Lemma 3.4. Consider a d-exact sequence in F of the form
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0
and a morphism f 0 : A0 → B0 in F . Then there is a d-pushout diagram of A0
α0 // · · ·
αd−1 // Ad
along f 0 and it induces a morphism of d-exact sequences of the form:
δ :
f

0 // A0
α0 //
f0

A1
α1 //
f1

A2 //
f2

· · · // Ad−1
αd−1 //
fd−1

Ad
fd

αd // Ad+1 // 0
ǫ : 0 // B0
β0
// B1
β1
// B2 // · · · // Bd−1
βd−1
// Bd
βd
// Ad+1 // 0.
(2)
Notation 3.5. For A, B in F , we use the notation (A,B) := HomF (A,B).
Lemma 3.6. Consider a morphism h of d-exact sequences in F of the form:
δ :
h

0 // A0
α0 //
h0

A1
α1 //
h1
s1}}⑤
⑤
⑤
⑤
A2 //
h2
s2}}⑤
⑤
⑤
⑤
· · · // Ad−1
αd−1 //
hd−1

Ad
hd

αd //
sd||②
②
②
②
Ad+1
hd+1

//
sd+1||②
②
②
②
②
0
ǫ : 0 // B0
β0
// B1
β1
// B2 // · · · // Bd−1
βd−1
// Bd
βd
// Bd+1 // 0.
The following are equivalent:
(a) there is a morphism sd+1 : Ad+1 → Bd such that βdsd+1 = hd+1,
(b) there is a morphism s1 : A1 → B0 such that s1α0 = h0,
(c) the morphism h : δ → ǫ is null-homotopic.
Proof. It is clear that (c) implies both (a) and (b). Assume (a) holds. By the definition of
d-kernel, applying (Ad,−) to ǫ, we obtain the exact sequence:
(Ad, Bd−1)
βd−1∗ // (Ad, Bd)
βd
∗ // (Ad, Bd+1).
Note that
βd∗(h
d − sd+1αd) = βdhd − βdsd+1αd = βdhd − hd+1αd = 0,
so that hd − sd+1αd is in ker βd∗ = Im β
d−1
∗ . So there exists a morphism s
d : Ad → Bd−1 such
that βd−1sd = hd− sd+1αd. Inductively, for i = d− 1, d− 2, . . . , 1, we obtain si : Ai → Bi−1
such that hi = βi−1si + si+1αi. Then,
β0s1α0 = h1α0 − s2α1α0 = h1α0 = β0h0.
Since β0 is a monomorphism, it follows that s1α0 = h0. So (b) and (c) hold. Dually, (b)
implies both (a) and (c). 
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The special case when δ = ǫ and h is the identity on δ in Lemma 3.6 gives the following.
Corollary 3.7. Consider a d-exact sequence in F of the form
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0.
The following are equivalent:
(a) α0 is a split monomorphism,
(b) αd is a split epimorphism,
(c) the identity on δ is null-homotopic.
If any, and so all, of the above hold, we say that δ is a split d-exact sequence.
Remark 3.8. By Remark 2.7, if A0, Ad+1 ∈ F , then every element in Extd(Ad+1, A0) is
given by a d-exact sequence in F . Consider a d-exact sequence in F of the form
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0.
(a) By [9, lemma 1.6], if [δ] = 0 in Extd(Ad+1, A0), then δ is a split d-exact sequence.
Moreover, it can be checked that if δ is a split d-exact sequence, then [δ] = 0.
(b) Given a morphism f 0 : A0 → B0 in F , we can look at the morphism
Extd(Ad+1, f 0) : Extd(Ad+1, A0)→ Extd(Ad+1, B0)
in terms of d-exact sequences in F . For δ as above, f 0 · δ := Extd(Ad+1, f 0)(δ) is
given by extending a d-pushout diagram as in (2) from Lemma 3.4:
δ :
f

0 // A0
α0 //
f0

A1
α1 //
f1

A2 //
f2

· · · // Ad−1
αd−1 //
fd−1

Ad
fd

αd // Ad+1 // 0
f 0 · δ : 0 // B0
β0
// B1
β1
// B2 // · · · // Bd−1
βd−1
// Bd
βd
// Ad+1 // 0.
Dually, for gd+1 : Bd+1 → Ad+1 in F , we have that δ · gd+1 := Extd(gd+1, A0)(δ) ∈
Extd(Bd+1, A0) is given by a d-pullback diagram.
Lemma 3.9. Suppose there are d-exact sequences δ and ǫ in F and, for some 0 ≤ i ≤ d,
there is a commutative square:
δ : 0 // A0
α0 //
f0
✤
✤
✤ · · ·
// Ai−1
αi−1 //
f i−1
✤
✤
✤ A
i α
i
//
f i

Ai+1
αi+1 //
f i+1

Ai+2 //
f i+2
✤
✤
✤ · · ·
// Ad+1
fd+1
✤
✤
✤
// 0
ǫ : 0 // B0
β0
// · · · // Bi−1
βi−1
// Bi
βi
// Bi+1
βi+1
// Bi+2 // · · · // Bd+1 // 0.
Then, for 0 ≤ j ≤ i−1 and i+2 ≤ j ≤ d+1, there exist morphisms f j : Aj → Bj completing
f i, f i+1 to a morphism of d-exact sequences.
Proof. To construct the morphisms f j for 0 ≤ j ≤ i− 1, use the fact that
0 // B0
β0 // B1 // · · ·
βd−1 // Bd
is a d-kernel of βd : Bd → Bd+1. To construct f j for i+ 2 ≤ j ≤ d+ 1, use the fact that
A1
α1 // A2 // · · ·
αd // Ad+1 // 0
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is a d-cokernel of α0 : A0 → A1. 
Definition 3.10 ([1, definition 1.1, chapter IV]). A morphism α : A→ B is right minimal
if each morphism ϕ : A→ A which satifies αϕ = α is an isomorphism.
Lemma 3.11. Consider a d-exact sequence in F of the form
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0.
For i = 1, . . . , d, we have that αi is right minimal if and only if αi−1 is in radF , the radical
of F .
Proof. Suppose that αi is right minimal. For any f : Ai → Ai−1, we have
αi(1Ai − α
i−1f) = αi − αiαi−1f = αi.
Since αi is right minimal, it follows that 1Ai − α
i−1f is invertible and hence αi−1 is in radF .
Suppose now that αi−1 is in radF and let h : A
i → Ai be such that αih = αi. Then
αi(h − 1Ai) = 0 and, since the first part of δ is a d-kernel of α
d, there exists a morphism
g : Ai → Ai−1 such that h− 1Ai = α
i−1g. Hence h = 1Ai + α
i−1g and, since αi−1 ∈ radF , it
follows that h is invertible. 
Lemma 3.12. Consider a d-exact sequence in F of the form
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0,
with α0, . . . , αd−1 in radF and a morphism of d-exact sequences:
δ :
f

0 // A0
α0 //
f0

A1
α1 //
f1

A2 //
f2

· · · // Ad−1
αd−1 //
fd−1

Ad
αd //
fd

Ad+1 // 0
δ : 0 // A0
α0
// A1
α1
// A2 // · · · // Ad−1
αd−1
// Ad
αd
// Ad+1 // 0,
where f d is an isomorphism. Then f 0, . . . , f d−1 are all isomorphisms.
Proof. First note that, by Lemma 3.11, since α0, . . . , αd−1 are in radF then α
1, . . . , αd are
right minimal. Since f d is invertible, αdf d = αd implies that αd = αd(f d)−1. Then, using
Lemma 3.9, we can construct a commutative diagram of the form:
δ :
f

0 // A0
α0 //
f0

A1
α1 //
f1

A2 //
f2

· · · // Ad−1
αd−1 //
fd−1

Ad
αd //
fd

Ad+1 // 0
δ :
g

0 // A0
α0 //
g0

A1
α1 //
g1

A2 //
g2

· · · // Ad−1
αd−1 //
gd−1

Ad
αd //
(fd)−1

Ad+1 // 0
δ : 0 // A0
α0
// A1
α1
// A2 // · · · // Ad−1
αd−1
// Ad
αd
// Ad+1 // 0.
Hence αd−1 = αd−1gd−1f d−1 and as αd−1 is right minimal, it follows that gd−1f d−1 is an
isomorphism. Similarly, looking at fg we conclude that f d−1gd−1 is an isomorphism and
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hence f d−1 is an isomorphism. Letting hd−1 := (gd−1f d−1)−1, we can construct a commutative
diagram of the form:
δ :
gf

0 // A0
α0 //
g0f0

A1
α1 //
g1f1

· · · // Ad−2
αd−2 //
gd−2fd−2

Ad−1
αd−1 //
gd−1fd−1

Ad
αd // Ad+1 // 0
δ :
h

0 // A0
α0 //
h0
✤
✤
✤ A
1 α
1
//
h1
✤
✤
✤ · · ·
// Ad−2
αd−2 //
hd−2
✤
✤
✤ A
d−1 α
d−1
//
hd−1

Ad
αd // Ad+1 // 0
δ : 0 // A0
α0
// A1
α1
// · · · // Ad−2
αd−2
// Ad−1
αd−1
// Ad
αd
// Ad+1 // 0.
Then
αd−2 = hd−1gd−1f d−1αd−2 = αd−2hd−2gd−2f d−2,
and, as αd−2 is right minimal, we have that hd−2gd−2f d−2 is an isomorphism. Similarly,
gd−2f d−2hd−2 is an isomorphism. Then gd−2f d−2 is an isomorphism. Since also f d−1gd−1 is
an isomorphism, by a similar argument we have that f d−2gd−2 is an isomorphism. Hence
f d−2 is an isomorphism. Proceeding by induction, we conclude that f 1, . . . , f d−2 are all
isomorphisms. Then also f 0 is forced to be an isomorphism, because α0 is a monomorphism.

Lemma 3.13. Consider a d-exact sequence in F of the form
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0
and a morphism f 0 : A0 → B0 in F . Let f : δ → f 0 · δ be as described in Remark 3.8(b).
Suppose there is a morphism of d-exact sequences of the form:
δ :
g

0 // A0
α0 //
g0=f0

A1
α1 //
g1

A2 //
g2

· · · // Ad−1
αd−1 //
gd−1

Ad
gd

αd // Ad+1 // 0
ǫ′ : 0 // B0
γ0
// C1
γ1
// C2 // · · · // Cd−1
γd−1
// Cd
γd
// Ad+1 // 0.
Then [f 0 · δ] = [ǫ′] in Extd(Ad+1, B0).
Proof. Note that we have a d-pushout diagram ϕ : A → B of the form (1). Then, by [10,
proposition 2.13], there exists a chain map of the form:
B :
pi

B0
β0 // B1
β1 //
p1

B2 //
p2

· · · // Bd−1
βd−1 //
pd−1

Bd
pd

C : B0
γ0
// C1
γ1
// C2 // · · · // Cd−1
γd−1
// Cd,
such that, letting φ : A → C be the restriction of g to degrees 0 to d, there is a homotopy
s : πϕ→ φ. In particular, there is a morphism sd : Ad → Cd−1 such that
pdf d − gd = γd−1sd.
By the universal property of cokernels, there is a morphism pd+1 : Ad+1 → Ad+1 that extends
π to a morphism of d-exact sequences p : f 0 · δ → ǫ′. Then, we have
pd+1αd = pd+1βdf d = γdpdf d = γdγd−1sd + γdgd = γdgd = αd,
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and as αd is an epimorphism, it follows that pd+1 = 1Ad+1. Then f
0 · δ and ǫ′ are Yoneda
equivalent and so [f 0 · δ] = [ǫ′] in Extd(Ad+1, B0). 
Definition 3.14 ([7, appendix A]). When d ≥ 2, we say that a d-exact sequence in F of
the form:
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0
is almost minimal if α1, . . . , αd−1 are in radF .
Remark 3.15. By [7, appendix A], in every Yoneda equivalence class, there is a unique
almost minimal sequence up to isomorphism. Consider a d-exact sequence in F of the form:
δ : 0 // X0 // A1 // A2 // · · · // Ad−1 // Ad // Xd+1 // 0,
with X0, Xd+1 in X . The almost minimal sequence in the equivalence class [δ] has all the
terms in X . In fact, since X is closed under d-extensions, we know there is a d-exact sequence
with all terms in X in [δ], and dropping extra direct summands of the form X
∼
−→ X in the
middle terms of this, we obtain the unique almost minimal sequence in [δ], say
δ′ : 0 // X0 // X1 // X2 // · · · // Xd−1 // Xd // Xd+1 // 0,
with all terms in X . Note that dropping extra direct summands of the form A
∼
−→ A in the
middle terms of δ, we also obtain an almost minimal sequence
ǫ : 0 // X0 // A1 // A2 // · · · // Ad−1 // Ad // Xd+1 // 0.
By uniqueness, δ′ ∼= ǫ and so ǫ has all terms in X . Note that [δ] = [ǫ] and, since Ai is a
direct summand of Ai for any i = 1, . . . , d, there are morphisms of d-exact sequences ǫ→ δ
and δ → ǫ.
4. d-Auslander-Reiten sequences in X
We introduce d-Auslander-Reiten sequences in the subcategory X and give equivalent defini-
tions. Note that the case X = F will give the corresponding results in the ambient category
F .
Definition 4.1. A morphism ξd : Xd → Xd+1 in X is right almost split in X if it is not
a split epimorphism and for every Y in X , every morphism η : Y → Xd+1 which is not a
split epimorphism factors through ξd, i.e. there exists a morphism Y → Xd such that the
following diagram commutes:
Xd
ξd // Xd+1.
Y
η
<<①①①①①①①①①∃
``❇
❇
❇
❇
Dually, one defines left almost split morphisms in X .
Definition 4.2. We say that a d-exact sequence in F with all terms from X of the form
ǫ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // Xd+1 // 0,
is a d-Auslander-Reiten sequence in X if the morphism ξ0 is left almost split in X , the
morphism ξd is right almost split in X and, when d ≥ 2, also ξ1, . . . , ξd−1 ∈ radX .
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The following is a well known result, see [2, lemma V.1.7].
Lemma 4.3. Let ξ0 : X0 → X1 be left almost split in X . Then End(X0) is local and ξ0 is
in radX .
Remark 4.4. Note that if ǫ is a d-Auslander-Reiten sequence in X , Lemma 4.3 and its dual
imply that End(X0) and End(Xd+1) are local and ξ0, ξd are in radX .
Lemma 4.5. Consider a d-exact sequence in F with all terms from X of the form:
ǫ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // Xd+1 // 0.
The following are equivalent:
(a) ǫ is a d-Auslander-Reiten sequence in X ,
(b) ξ0, ξ1, . . . , ξd−1 are in radX and ξ
d is right almost split in X ,
(c) ξ1, . . . , ξd−1, ξd are in radX and ξ
0 is left almost split in X .
Proof. By Lemma 4.3 and its dual, it is clear that (a) implies both (b) and (c). Suppose
now that (b) holds. By the dual of Lemma 4.3, it follows that ξd ∈ radX . Let f
0 : X0 → Y 0
be a morphism in X that is not a split monomorphism. By Lemma 3.4, there is a morphism
of d-exact sequences of the form:
ǫ :
f

0 // X0
ξ0 //
f0

X1
ξ1 //
f1

· · · // Xd−1
ξd−1 //
fd−1

Xd
fd

ξd // Xd+1 // 0
δ : 0 // Y 0
η0
// Y 1
η1
// · · · // Y d−1
ηd−1
// Y d
ηd
// Xd+1 // 0,
where we may assume Y 1, . . . , Y d are in X by Remark 3.15. Suppose for a contradiction
that η0 is not a split monomorphism. Then ηd is not a split epimorphism by Corollary 3.7
and, since ξd is right almost split in X , then there exists gd : Y d → Xd such that ξdgd = ηd.
By Lemma 3.9, there is a morphism of d-exact sequences of the form:
δ :
g

0 // Y 0
η0 //
g0

Y 1
η1 //
g1

· · · // Y d−1
ηd−1 //
gd−1

Y d
ηd //
gd

Xd+1 // 0
ǫ : 0 // X0
ξ0
// X1
ξ1
// · · · // Xd−1
ξd−1
// Xd
ξd
// Xd+1 // 0.
Note that ξdgdf d = ξd and, since Lemma 3.11 implies that ξd is right minimal, it follows that
gdf d is an isomorphism. Hence, Lemma 3.12 implies that g0f 0 is an isomorphism. so that
f 0 is a split monomorphism, contradicting our assumption. So η0 is a split monomorphism
and there is a morphism µ : Y 1 → Y 0 such that µη0 = 1Y 0 . Then
µf 1ξ0 = µη0f 0 = f 0,
so ξ0 is left almost split in X and we have proved (c). Dually, (c) implies (b) and it is clear
that both (b) and (c) imply (a). 
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5. X -covers and the left end term of a d-Auslander-Reiten sequence in X
In this section, we generalise the results in [14, section 2] on modΦ to its higher ana-
logue F . Iyama proved in [7, theorem 3.3.1] that if Ad+1 ∈ F is an indecomposable non-
projective, then there exists a d-Auslander-Reiten sequence in F ending at Ad+1 and start-
ing at DTrd(A
d+1), see Proposition 5.5. The idea is to give an analogue of this result for
d-Auslander-Reiten sequences in X . Consider an indecomposable X in X that admits non-
split d-exact sequences ending at it with terms in X . We “approximate” DTrd(X) with an
indecomposable σX in X . We show there is a d-Auslander-Reiten sequence in X ending in
X and that this sequence is forced to start in σX .
Note that the duals of all the results presented in this section are also true.
Definition 5.1 ([12, definition 1.4]). Let A ∈ F . An X -precover of A is a morphism of the
form ξ : X → A with X ∈ X such that every morphism ξ′ : X ′ → A with X ′ ∈ X factorizes
as:
X ′
ξ′ //
∃   ❇
❇
❇
❇ A.
X
ξ
>>⑥⑥⑥⑥⑥⑥⑥⑥
An X -cover of A is an X -precover of A which is also a right minimal morphism.
Definition 5.2. The subcategory X of F is called precovering if every object in F has an
X -precover.
Lemma 5.3. Let A ∈ F and g : X → A be an X -cover. Then,
Extd(−, g) |X : Ext
d(−, X) |X −→ Ext
d(−, A) |X
is a monomorphism of contravariant functors.
Proof. Given a d-exact sequence in F of the form:
δ : 0 // X
ξ0 // X1
ξ1 // X2 // · · · // Xd−1
ξd−1 // Xd
ξd // Xd+1 // 0,
where Xd+1 is in X . Since X is closed under d-extensions, we may assume that X1, . . . , Xd
are also in X . Consider the morphism of d-exact sequences in F obtained as in Remark
3.8(b):
δ

0 // X
ξ0 //
g

X1
ξ1 //
g1

· · · // Xd
gd

ξd // Xd+1 // 0
g · δ : 0 // A
α0
// A1
α1
// · · · // Ad
αd
// Xd+1 // 0.
Suppose that g · δ splits, i.e. [g · δ] = 0. By Remark 3.8(a), we want to prove that also δ
splits so that Extd(−, g) |X is a monomorphism. By assumption, there exists a morphism
γ : A1 → A such that γα0 = 1A. Then
g = γα0g = γg1ξ0.
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Moreover, since X1 is in X and g is an X -cover, there is a morphism η : X1 → X such that
gη = γg1. Then, we have
g = γg1ξ0 = gηξ0.
As g is right minimal, it follows that ηξ0 is an isomorphism. This implies that ξ0 is a split
monomorphism and so δ splits, i.e. [δ] = 0 in Extd(Xd+1, X). 
In [7, theorem 3.3.1], Iyama shows that the end terms of a d-Auslander-Reiten sequence in
F determine each other. We recall this result focusing on the right end term of d-Auslander-
Reiten sequences.
Definition 5.4 ([7, 1.4.1]). LetM ∈ modΦ and consider an augmented projective resolution
of M of the form:
· · · → P2 → P1 → P0 → M → 0.
The d’th higher transpose of M is Trd(M) := Coker (HomΦ(Pd−1,Φ)→ HomΦ(Pd,Φ)).
Proposition 5.5 ([7, theorem 3.3.1]). For each non-projective indecomposable object Ad+1
in F , there exists a d-Auslander-Reiten sequence in F of the form:
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0.
Moreover, if δ is a d-Auslander-Reiten sequence in F , then A0 = DTrd(A
d+1), whereD(−) :=
Homk(−, k) : modΦ→ modΦ
op is the standard k-duality.
Lemma 5.6. Let X in X be an indecomposable such that Extd(X,X ) is non-zero. Suppose
DTrd(X) has an X -cover of the form g : Y → DTrd(X). Then, for any non-split d-exact
sequence in F of the form
δ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0,
with all terms in X , there is a morphism h : X0 → Y such that h · δ is a non-split d-exact
sequence in F . In particular, Extd(X, Y ) 6= 0.
Proof. First note that such a δ exists since Extd(X,X ) 6= 0. Moreover, by Proposition 5.5,
there is a d-Auslander-Reiten sequence in F of the form:
ǫ : 0 // DTrd(X)
α0 // A1
α1 // · · · // Ad−1
αd−1 // Ad
αd // X // 0.
Since ξd is not a split epimorphism and αd is right almost split in F , there is a morphism
f d : Xd → Ad such that αdf d = ξd. Then, by Lemma 3.9, we can construct a morphism of
d-exact sequences of the form:
δ :
f

0 // X0
ξ0 //
f0

X1
ξ1 //
f1

· · · // Xd−1
ξd−1 //
fd−1

Xd
fd

ξd // X // 0
ǫ : 0 // DTrdX
α0
// A1
α1
// · · · // Ad−1
αd−1
// Ad
αd
// X // 0.
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Since g is an X -cover, there is a morphism h : X0 → Y such that f 0 = gh. Then, applying
Extd(X,−), we obtain the commutative diagram:
Extd(X,X0)
Extd(X,f0)
//
Extd(X,h) ''❖❖
❖❖❖
❖❖❖
❖❖❖
❖
Extd(X,DTrd(X)).
Extd(X, Y )
Extd(X,g)
66❧❧❧❧❧❧❧❧❧❧❧❧❧
(3)
Considering the morphism δ → f 0 · δ obtained as in Remark 3.8(b) and f : δ → ǫ, Lemma
3.13 implies that 0 6= [ǫ] = [f 0 · δ] in Extd(X,DTrd(X)), so that f
0 · δ is non-split by Remark
3.8(a). Then, in diagram (3), we have Extd(X, gh)(δ) = gh · δ = f 0 · δ is non-split and so
[h · δ] 6= 0, i.e. h · δ is non-split. In particular Extd(X, Y ) 6= 0. 
The argument from [2, proof of proposition V.2.1] can be easily modified to prove the fol-
lowing higher version. Recall that, following Notation 2.1, modules are assumed to be right.
Lemma 5.7. Let A be an indecomposable non-projective in F . Then Extd(A,DTrd(A))
has a simple socle as an EndΦ(A)-module.
Proposition 5.8. (a) Let X in X be an indecomposable such that Extd(X,X ) is non-
zero. If DTrd(X) has an X -cover of the form g : Y → DTrd(X), then Y = Z ⊕ Z
′,
where Z is an indecomposable such that Extd(X,Z) 6= 0 and Extd(X,Z ′) = 0. The
module Z is unique up to isomorphism.
(b) In the setting of (a), a non-split d-exact sequence of the form
ǫ : 0 // Y
η0 // Y 1
η1 // Y 2
η2 // · · · // Y d−1
ηd−1 // Y d
ηd // X // 0
is isomorphic to the direct sum of a split d-exact sequence:
0 // Z ′
1
Z′ // Z ′ // 0 // · · · // 0 // 0 // 0 // 0
and a non-split d-exact sequence
0 // Z
ζ0 // V
ζ1 // Y 2
η2 // · · · // Y d−1
ηd−1 // Y d
ηd // X // 0.
Proof. (a) Let Y = Z1 ⊕ · · · ⊕ Zm be the indecomposable decomposition of Y . By Lemma
5.3, we have a monomorphism:
Extd(X, g) : Extd(X, Y ) −→ Extd(X,DTrd(X)),
which is also a monomorphism of EndΦ(X)-modules. Hence ImExt
d(X, g) is an EndΦ(X)-
submodule of Extd(X,DTrd(X)) isomorphic to
Extd(X, Y ) ∼=
m⊕
j=1
Extd(X,Zj).
Since Extd(X,X ) 6= 0, it follows that X is not projective in modΦ. Then, viewed as an
EndΦ(X)-module, Ext
d(X,DTrd(X)) has simple socle by Lemma 5.7. Hence ImExt
d(X, g)
is either zero or an indecomposable EndΦ(X)-module. So there is at most one j ∈ {1, . . . , m}
such that Extd(X,Zj) is non-zero. Note that Ext
d(X, Y ) is non-zero by Lemma 5.6. Hence
there is exactly one j ∈ {1, . . . , m} such that Extd(X,Zj) is non-zero.
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(b) By Lemma 3.4, there is a morphism of d-exact sequences of the form:
ǫ :

0 // Z ′ ⊕ Z
η0=(ξ′,ξ)
//
(1,0)

Y 1
η1 //

Y 2
η2 //

· · ·
ηd−1 // Y d
ηd //

X // 0
ǫ : 0 // Z ′
ω0
// W 1
ω1
// W 2
ω2
// · · ·
ωd−1
// W d
ωd
// X // 0.
(4)
Since Extd(X,Z ′) = 0, the bottom row splits. By Remark 3.8, we have that ǫ is isomorphic
to:
0 // Z ′
(
1
Z′
0
)
// Z ′ ⊕W 1
(0,γ)
// W 2
ω2 // · · ·
ωd−1 // W d
ωd // X // 0.
Then the morphism (4) is isomorphic to the morphism:
ǫ :

0 // Z ′ ⊕ Z
(ξ′,ξ)
//
(1,0)

Y 1
η1 //
(
µ′
µ
)

Y 2
η2 //

· · ·
ηd−1 // Y d
ηd //

X // 0
ǫ : 0 // Z ′ (
1
Z′
0
) // Z ′ ⊕W 1
(0,γ)
// W 2
ω2
// · · ·
ωd−1
// W d
ωd
// X // 0.
In particular, µ′ξ′ = 1Z′ and so Y
1 = Z ′ ⊕ V and ǫ isomorphic to a d-exact sequence of the
form:
ǫ : 0 // Z ′ ⊕ Z
(
1
Z′
0
0 ζ0
)
// Z ′ ⊕ V
(0,ζ1)
// Y 2
η2 // · · ·
ηd−1 // Y d
ηd // X // 0.
Clearly, this is isomorphic to the direct sum of the two d-exact sequences wished, where the
one starting at Z does not split since ǫ does not split. 
Definition 5.9. Suppose that X is precovering in F and let X be an indecomposable in X .
If Extd(X,X ) = 0 we put σX = 0. Otherwise, letting g : Y → DTrd(X) be an X -cover, we
denote by σX the unique indecomposable direct summand Z of Y such that Extd(X,Z) 6= 0.
Corollary 5.10. Let X be precovering in F and let
δ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0
be a d-Auslander-Reiten sequence in X . Then X0 ∼= σX .
Proof. Note that the existence of δ implies that Extd(X,X ) is non-zero. As X is precovering
in F , there is an X -cover g : Y → DTrd(X). Then, by Lemma 5.6, there is a morphism of
non-split d-exact sequences in F of the form:
δ :

0 // X0
ξ0 //
h

X1
ξ1 //
h1

· · · // Xd−1
ξd−1 //
hd−1

Xd
hd

ξd // X // 0
h · δ : 0 // Y
η0
// Y 1
η1
// · · · // Y d−1
ηd−1
// Y d
ηd
// X // 0.
Since ηd is not a split epimorphism, Lemma 3.6 implies that h does not factor through ξ0.
As ξ0 is a left almost split morphism in X , it follows that h is a split monomorphism. Hence
X0 is an indecomposable direct summand of Y such that Extd(X,X0) 6= 0 and Proposition
5.8(a) implies that X0 ∼= σX . 
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Lemma 5.11. Any d-exact sequence in F of the form:
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0,
induces the exact sequences
0 // (B,A0) // · · · // (B,Ad) // (B,Ad+1) // Extd(B,A0) // Extd(B,A1),
0 // (Ad+1, B) // · · · // (A1, B) // (A0, B) // Extd(Ad+1, B) // Extd(Ad, B),
for any B in F .
Proof. This can be proved using the method of [6, proof of lemma 3.5]. Note that our
sequences are shorter than Iyama’s because gldimΦ is unrestricted. 
Definition 5.12. [11, definition 3.1] Consider a d-exact sequence in F of the form:
δ : 0 // A0
α0 // A1
α1 // A2 // · · · // Ad−1
αd−1 // Ad
αd // Ad+1 // 0.
We define δ∗, the contravariant defect of δ on F , by the exact sequence of functors
(−, Ad)→ (−, Ad+1)→ δ∗(−)→ 0.
Dually, we define δ∗, the covariant defect of δ on F , by the exact sequence of functors
(A1,−)→ (A0,−)→ δ∗(−)→ 0.
Remark 5.13. Note that, by Lemma 5.11, we have that δ∗(−) is a subfunctor of Extd(−, A0) |F
and δ∗(−) is a subfunctor of Ext
d(Ad+1,−) |F .
Lemma 5.14. Consider a d-exact sequence in F with all terms in X of the form:
δ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // Xd+1 // 0
and an X -cover g : X → A for some A ∈ F . The k-linear map (X0, g) : (X0, X)→ (X0, A)
induces an isomorphism of k-vector spaces:
δ∗(g) : δ∗(X)
∼
−→ δ∗(A).
In particular, dimk(δ∗(X)) = dimk(δ∗(A)).
Proof. By Definition 5.12, we have
δ∗(g) : (X
0, X)/ Im(ξ0, X)→ (X0, A)/ Im(ξ0, A).
Note that since g : X → A is an X -cover, the map (X0, g) is surjective. Hence it is enough
to show that Im(ξ0, X) is the full preimage of Im(ξ0, A) under (X0, g). It is clear that
(X0, g)(Im(ξ0, X)) ⊆ Im(ξ0, A).
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It remains to show that if h : X0 → X is such that gh : X0 → A factors through ξ0, then h
factors through ξ0. Consider the following morphisms of d-exact sequences:
δ

0 // X0
ξ0 //
h

X1
ξ1 //
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌

· · · // Xd−1
ξd−1 //

Xd

ξd // Xd+1 //
☛
☛
☛
☛
☛
☛
☛
☛
0
h · δ :

0 // X //
g

Y 1 //

· · · // Y d−1 //

Y d //

Xd+1 // 0
gh · δ : 0 // A // A1 // · · · // Ad−1 // Ad // Xd+1 // 0.
Since gh factors through ξ0, Lemma 3.6 implies that the bottom row splits. Hence, we have
that [Extd(Xd+1, g)(h · δ)] = 0. Since Extd(Xd+1, g) is a monomorphism by Lemma 5.3, it
follows that the middle row splits. Hence h factors through ξ0 by Lemma 3.6. 
Remark 5.15. Let X ∈ X be indecomposable and assume that DTrd(X) has an X -cover,
say g : Y → DTrd(X). Given any d-exact sequence with terms in X of the form
δ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0,
we have that
dimk(δ∗(Y )) = dimk(δ∗(DTrd(X))) = dimk(δ
∗(X)),
where the first equality holds by Lemma 5.14 and the second by [11, theorem 3.7].
Proposition 5.16. Assume X is precovering in F . Let X ∈ X be an indecomposable such
that Extd(X,X ) 6= 0 and g : Y → DTrd(X) be an X -cover. Then there is a d-exact sequence
with terms in X of the form:
ǫ : 0 // Y
η0 // Y 1
η1 // Y 2
η2 // · · · // Y d−1
ηd−1 // Y d
ηd // X // 0,
with ηd right almost split in X .
Proof. Since Extd(X,X ) 6= 0, there exists a non-split d-exact sequence with terms from X
of the form:
δ : 0 // X0
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0.
As not every endomorphism of X factors through ξd, we have that dimk(δ
∗(X)) 6= 0. By
Remark 5.15, we have that
dimk(δ∗(Y )) = dimk(δ∗(DTrd(X))) = dimk(δ
∗(X)) 6= 0.
So Extd(X , Y ) is non-zero by Remark 5.13 and there is a non-split d-exact sequence with
terms in X of the form:
ζ : 0 // Y
ζ0 // Z1
ζ1 // · · · // Zd−1
ζd−1 // Zd
ζd // Zd+1 // 0.
Since not every endomorphism of Y factors through ζ0, then dimk(ζ∗(Y )) is non-zero and
so, by Remark 5.15, we have
0 6= dimk(ζ∗(Y )) = dimk(ζ∗(DTrd(X))) = dimk(ζ
∗(X)).
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Hence not every morphism of the form X → Zd+1 factors through ζd. So there is a morphism
t : X → Zd+1 such that its image in ζ∗(X) = (X,Zd+1)/ Im(X, ζd) generates a simple
EndΦ(X)-module. Thus, by the dual of Remark 3.8(b), we have a morphism of d-exact
sequences in F of the form:
ζ · t :

0 // Y
η0 // Y 1
η1 //
t1

· · · // Y d−1
ηd−1 //
td−1

Y d
td

ηd // X
t

// 0
ζ : 0 // Y
ζ0
// Z1
ζ1
// · · · // Zd−1
ζd−1
// Zd
ζd
// Zd+1 // 0,
where we can assume Y 1, . . . , Y d are in X by Remark 3.15. We claim that ǫ := ζ · t is such
that ηd is right almost split in X . First note that since t does not factor through ζd, then
ǫ does not split by Lemma 3.6. Suppose that s : W → X in X is not a split epimorphism.
We need to show that s factors through ηd. Consider the morphism obtained by the dual of
Remark 3.8(b):
ǫ · s :

0 // Y
ω0 // W 1
ω1 //
s1

· · · // W d−1
ωd−1 //
sd−1

W d
sd

ωd // W
s

// 0
ǫ : 0 // Y
η0
// Y 1
η1
// · · · // Y d−1
ηd−1
// Y d
ηd
// X // 0.
By Lemma 3.6, we have that s factoring through ηd is equivalent to ǫ · s splitting. By
Remark 5.15, it is enough to show that every morphism r : X → W factors through ωd.
Note that since s is not a split epimorphism, sr : X → X is not an isomorphism. Hence,
tsr : X → Zd+1 is in tEndΦ(X) radEndΦ(X). Since the image of tEndΦ(X) in ζ
∗(X) is a
simple module, it follows that tsr projects to zero in ζ∗(X). In other words, tsr factors
through ζd, so there is a morphism α : X → Zd such that ζdα = tsr. Consider:
ǫ · sr :

0 // Y
µ0 // U1
µ1 //
r1

✍
✍
✍
✍
✍
✍
✍
✍
· · · // Ud−1
µd−1 //
rd−1

Ud
rd

µd // X
r

//
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
0
ǫ · s :

0 // Y
ω0 // W 1
ω1 //
t1s1

· · · // W d−1
ωd−1 //
td−1sd−1

W d
tdsd

ωd // W
ts

// 0
ζ : 0 // Y
ζ0
// Z1
ζ1
// · · · // Zd−1
ζd−1
// Zd
ζd
// Zd+1 // 0.
Then, by Lemma 3.6, there is a morphism α1 : U1 → Y such that α1µ0 = 1Y . Hence the top
row of the above diagram splits. So there is a morphism φ : X → Ud such that µdφ = 1X .
Note that
ωdrdφ = rµdφ = r.
Hence r factors through ωd as we wished to prove. 
Theorem 5.17. Assume X is precovering in F and let X be an indecomposable in X .
(a) There exists a right almost split morphism W → X in X .
(b) If Extd(X,X ) is non-zero, there is a d-Auslander-Reiten sequence in X of the form:
0 // σX
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0.
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Proof. (a) This follows from [3, proposition 3.10].
(b) Let g : Y → DTrd(X) be an X -cover. Then, by Proposition 5.16, there exists a d-exact
sequence with terms in X of the form:
ǫ : 0 // Y
η0 // Y 1
η1 // Y 2
η2 // · · · // Y d−1
ηd−1 // Y d
ηd // X // 0,
with ηd right almost split in X . By Proposition 5.8, ǫ has for direct summand a non-split
d-exact sequence with terms in X of the form:
δ : 0 // σX
ζ0 // V
ζ1 // Y 2
η2 // · · · // Y d−1
ηd−1 // Y d
ηd // X // 0.
If d ≥ 2, we may also assume that ζ1, η2, . . . , ηd−1 are in radX . Moreover, since σX is
indecomposable and ζ0 is not a split monomorphism, it follows that ζ0 is in radX . Hence,
by Lemma 4.5, we conclude that δ is a d-Auslander-Reiten sequence in X . 
6. More on d-Auslander-Reiten sequences in X and the case when End(X) is
a division ring
In this section, we study the case when, for an indecomposable X ∈ X , the factor ring of
End(X) modulo the morphisms factoring through a projective is a division ring. Generalising
[2, corollary V.2.4], we prove that an almost minimal d-exact sequence with terms in X ending
at X is a d-Auslander-Reiten sequence if and only if it does not split. As a consequence of
this result, we prove a higher version of [14, proposition 2.10].
Lemma 6.1. Assume X is precovering in F . Let X be an indecomposable in X such that
Extd(X,X ) 6= 0. Consider a non-split d-exact sequence of the form:
δ : 0 // σX
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0,
with X1, . . . , Xd in X and, when d ≥ 2, also ξ1, . . . , ξd−1 in radX . Then, the following are
equivalent:
(a) δ is a d-Auslander-Reiten sequence in X ,
(b) ξd is right almost split in X ,
(c) Im(X, ξd) = radEnd(X),
(d) δ∗(X) is a simple End(X)-module.
Proof. Note that as σX is indecomposable and ξ0 is not a split monomorphism, then ξ0 ∈
radX . Hence δ is a d-exact sequence with terms in X and ξ
0, ξ1, . . . , ξd−1 in radX . By
Lemma 4.5, we then conclude that (a) and (b) are equivalent.
Assume that (b) holds and note that since X is indecomposable, then End(X) is local.
Consider
(X, ξd) : (X,Xd)→ (X,X) : α 7→ ξdα.
Assume β : X → X is in radEnd(X).Then, since X is indecomposable, it follows that β is not
an isomorphism and so β is not a split epimorphism. As ξd is right almost split in X , there
exists a morphism α : X → Xd such that
β = ξdα = (X, ξd)(α),
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and so β ∈ Im(X, ξd). Assume now that β : X → X is in Im(X, ξd), i.e. β = ξdα for
some α ∈ (X,X). Then, since ξd is not a split epimorphism, it follows that β is not an
isomorphism and so β is in radEnd(X). Hence (b) implies (c).
Assume now that (c) holds. If β : X → X is not a split epimorphism, then β ∈ radEnd(X) =
Im(X, ξd). So β factors through ξd and ξd is right almost split in X . Hence (c) implies (b).
Recall that δ∗(X) = (X,X)/ Im(X, ξd). Assume (c) holds. Then we have that δ∗(X) =
End(X)/ radEnd(X) and this is simple as radEnd(X) is maximal. So (c) implies (d).
Assume now that (d) holds. As δ∗(X) is simple, then Im(X, ξd) is a maximal submodule of
End(X). Since End(X) is local, this implies that Im(X, ξd) = radEnd(X) and so (d) implies
(c). 
Notation 6.2. For a module A in F , we denote by P(A) the ideal of all morphisms of the
form A → A that factor through a projective module. The factor ring of End(A) modulo
P(A) is then denoted by End(A).
Theorem 6.3. Assume X is precovering in F . Let X be an indecomposable in X such that
End(X) is a division ring. For a d-exact sequence of the form:
δ : 0 // σX
ξ0 // X1
ξ1 // · · · // Xd−1
ξd−1 // Xd
ξd // X // 0,
with terms in X and, when d ≥ 2, also ξ1, . . . , ξd−1 in radX , the following are equivalent:
(a) δ is a d-Auslander-Reiten sequence in X ,
(b) δ does not split.
Proof. Note that as ξd is an epimorphism, Im(X, ξd) contains P(X). Since End(X) =
End(X)/P(X) is a division ring, it is simple as an End(X)-module. Then P(X) is a maximal
submodule of End(X) and, as End(X) is local, we have that P(X) = radEnd(X). Hence,
maximality and
radEnd(X) = P(X) ⊆ Im(X, ξ
d) ⊆ End(X),
imply that we have the following two cases:
(1) Im(X, ξd) = radEnd(X), i.e. δ
∗(X) is a simple End(X)-module, in which case δ is
non-split as 1X 6∈ Im(X, ξ
d);
(2) Im(X, ξd) = End(X), i.e. δ∗(X) = 0 is not a simple End(X)-module, in which case
δ splits as 1X ∈ Im(X, ξ
d).
Hence δ∗(X) is a simple End(X)-module if and only if δ does not split. Then, by Lemma
6.1, we conclude that δ does not split if and only if δ is a d-Auslander-Reiten sequence in
X . 
Corollary 6.4. Assume X is precovering in F . Let g : Y → DTrd(X) be an X -cover, where
X is an indecomposable in X with End(X) a division ring. Consider a non-split d-exact
sequence with terms in X of the form:
ǫ : 0 // Y
η0 // Y 1
η1 // · · · // Y d
ηd // X // 0,
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where, if d ≥ 2, we also have η1, . . . , ηd−1 ∈ radX . Consider a morphism induced by a
d-pushout diagram:
ǫ :

0 // Y
η0 //
g

Y 1
η1 //
g1

· · · // Y d
gd

ηd // X // 0
δ : 0 // DTrd(X)
α0
// A1
α1
// · · · // Ad
αd
// X // 0,
where, if d ≥ 2, we may assume that α1, . . . , αd−1 ∈ radF . Then δ is a d-Auslander-Reiten
sequence in F and ηd is right almost split in X .
Proof. Considering Theorem 6.3 in the case when X = F , so that σX = DTrd(X), we
have that in order to prove that δ is a d-Auslander-Reiten sequence in F , it is enough to
prove that δ does not split. Suppose for a contradiction that δ is a split d-exact sequence.
Then Lemma 3.6 implies that there is a morphism h : Y 1 → DTrd(X) such that hη
0 = g.
Moreover, since Y 1 ∈ X and g is an X -cover, there is a morphism φ : Y 1 → Y such that
h = gφ. Hence
g = hη0 = gφη0,
and φη0 is an isomorphism as g is right minimal. But this implies that η0 is a split monomor-
phism, contradicting our initial assumption. So δ does not split.
By Proposition 5.8(b), we have that ǫ is isomorphic to the direct sum of a split d-exact
sequence:
0 // Y ′
1
Y ′ // Y ′ // 0 // · · · // 0 // 0 // 0
and a non-split d-exact sequence:
ζ : 0 // σX
ζ0 // Z
ζ1 // Y 2
η2 // · · ·
ηd−1 // Y d
ηd // X // 0,
where, for d ≥ 2, we have that ζ1, η2, . . . , ηd−1 are in radX . Note that, by Theorem 6.3, we
have that ζ is a d-Auslander-Reiten sequence in X and in particular ηd is a right almost split
morphism in X . 
7. Example
In this section, we illustrate the results from Section 5 to a 2-representation finite algebra Φ.
Definition 7.1 ([8, definition 2.2]). The algebra Φ is called d-representation finite if gldimΦ ≤
d and Φ has a d-cluster tilting object.
Let Φ be the algebra defined by the following quiver with relations:
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10
  ❅
❅❅
❅
9
>>⑦⑦⑦⑦
  ❅
❅❅
❅❅
8
❂
❂❂
❂
7
@@✁✁✁✁
❂
❂❂
❂ 6
>>⑦⑦⑦⑦⑦
  ❅
❅❅
❅❅
5
❄
❄❄
❄
4
@@✁✁✁✁
3
>>⑦⑦⑦⑦⑦
2
@@✁✁✁✁
1.
Remark 7.2. Note that the algebra Φ is 2-representation finite by [6, theorem 1.18]. More-
over, by [6, theorem 1.6], we have that modΦ has the unique 2-cluster tilting subcategory
F = add{(DTr2)
j(i) | i injective in modΦ and j ≥ 0}.
Denoting the indecomposable modules in modΦ by their radical series, we find the Auslander-
Reiten quiver of F is as illustrated in Figure 1, see [15, theorems 3.3 and 3.4], where the
dashed arrows show the action of DTr2.
Consider the full subcategory of F closed under isomorphisms in F :
X := add
{
1 ,
8
5
1
,
10
8
5
1
,
9
10 6
8 2
5
,
4
7
9
10
,
6
2 8
5
, 62 ,
9
6
2
,
4
7
9
, 47
}
,
i.e. add of the vertices coloured red in Figure 1. Using the following module in X :
s := 1 ⊕
8
5
1
⊕
10
8
5
1
⊕
9
10 6
8 2
5
⊕
4
7
9
10
⊕
6
2 8
5
,
it can be checked that conditions (i)-(iv) from [4, theorem B] hold and hence X is a wide
subcategory of F in the sense of [4, definition 2.11]. In particular, X ⊆ F is an additive
subcategory closed under 2-extensions.
Looking at the Auslander-Reiten quiver of F , we see that the following are the 2-Auslander-
Reiten sequences in F with end term in X :
0 //
8
5
1
// 62 8
5
⊕
10
8
5
1
// 6
2 ⊕
9
10 6
8 2
5
// 96
2
// 0 (a)
0 // 51
// 2
5 ⊕
8
5
1
// 2 ⊕
6
2 8
5
// 6
2
// 0, (b)
0 //
3
6
8
// 3
6 ⊕
7
3 9
6 10
8
// 73 9
6
⊕
4
7
9
10
// 47
9
// 0, (c)
0 // 36
// 3 ⊕
7
3 9
6
// 7
3 ⊕
4
7
9
// 4
7
// 0. (d)
Note that all the terms in (a) are in X , so (a) is also a 2-Auslander-Reiten sequence in X .
Moreover, the following are X -covers:
1 → 51 ,
6
2 8
5
→
3
6
8
, 62 →
3
6 .
Then, using these covers, (b), (c), (d) and Theorem 5.17, we find the 2-Auslander-Reiten
sequences in X :
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Figure 1. The Auslander-Reiten quiver of F .
0 // 1 //
8
5
1
// 62 8
5
// 6
2
// 0, (b’)
0 //
6
2 8
5
//
9
10 6
8 2
5
⊕ 62 //
9
6
2
⊕
4
7
9
10
// 47
9
// 0, (c’)
0 // 62
// 96
2
// 47
9
// 4
7
// 0. (d’)
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